We report a calculation of the perturbative matching coefficients for the transverse-momentumdependent parton distribution functions for quark at the next-to-next-to-next-to-leading order in QCD, which involves calculation of non-standard Feynman integrals with rapidity divergence. We introduce a new technique which allows an algorithmic evaluation of such integrals using the machinery of modern Feynman integral calculation.
INTRODUCTION
Transverse-Momentum-Dependent (TMD) Parton Distribution Functions (PDFs) generalize the concept of PDFs by allowing the dependence on the intrinsic transverse momentum of struck parton, beside the conventional longitudinal momentum fraction. TMD PDFs play increasing central role in QCD theory and phenomenology in high energy collisions [1, 2] .
The theoretical framework of TMD PDFs is substantially more complicated than the conventional PDFs, which is partly reflected by the existence of several different formulations of TMD factorization in the literature [1, [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , see Refs. [14, 15] for a discussion of the different formulations. In this Letter we adopt the rapidity renormalization group formalism of Refs. [13, 16] , which is based on Soft-Collinear Effective Theory (SCET) [17] [18] [19] [20] [21] . In this formalism, TMD factorization involves both TMD beam function B and TMD soft function S. Schematically, for Drell-Yan production at low q ⊥ ,
where σ 0 is the born cross section for Drell-Yan process, H(Q) is the quark electromagnetic form factor, and the convolution is in the longitudinal momentum fraction. The quark TMD beam function can be written as an operator matrix element in a hadron state with momenta P ,
where χ n = W † n ξ n is the gauge invariant collinear quark field [22] in SCET, constructed from collinear quark field ξ n and path-ordered collinear Wilson line W n (x) = P exp ig 0 −∞ dsn · A n (x +ns) in some null direction n = (n + , n − , n ⊥ ) = (2, 0, 0 ⊥ ) andn = (0, 2, 0 ⊥ ). b ⊥ plays the role of Fourier conjugate of the transverse momentum of the struck quark. The TMD soft function is a vacuum matrix element of time-ordered and anti timeordered soft Wilson lines,
where S n (x) = P exp ig 0 −∞ ds A s (x + sn) . Similar to PDFs, the TMD beam function in Eq. (2) is intrinsically non-perturbative. At leading twist it admits a light-cone operator product expansion onto the PDFs,
where in principle the matching coefficients I qi is perturbatively calculable. The main complication is that the operator matrix element in Eqs.
(2) and (3) are not welldefined even within dimensional regularization. They suffer from the so-called rapidity divergence, which originates from gluon emission at infinite rapidity in the backward direction to the struck parton. Several regulators proposed to cure the rapidity divergence in TMD exist in the literature [1, 6, 8, 11, 13, [23] [24] [25] [26] [27] , which allow to calculate the matching coefficients to Next-to-Next-to-Leading Order (NNLO) in QCD [28] [29] [30] [31] [32] [33] [34] [35] . These results provide stringent test to the TMD factorization, and facilitate some of the most precise theoretical prediction at the LHC [36] [37] [38] [39] [40] .
In this Letter we shall present for the first time a calculation of the matching coefficients for quark TMD beam function at the Next-to-Next-to-Next-to-Leading Order (N 3 LO) within the exponential regularization scheme [26] in a completely analytic form. We also provide results for the regulator-independent TMD PDFs, by combining the beam function with the N 3 LO TMD soft function [41] . Our calculation contains all the color structures and all the partonic channels, and represents a major step towards precision TMD physics. To facilitate this calculation, we introduce a new technique that allows an algorithmic evaluation of rapidity divergent integrals using the powerful machinery of modern Feynman diagram calculation, which shall be explained in the next section.
THE METHOD
Since the matching coefficients can be calculated in short-distance perturbation theory, we can use asymptotic quark and gluon state instead of the hadron state N (P ) in Eq. (2). Furthermore, we can insert a complete state of |X X|, which also consist of asymptotic quark and gluon states, betweenχ n and χ n . This converts the calculation of the perturbative TMD beam function to the calculation of semi-inclusive partonic cross section,
where B
(n,m) q/i (z, b ⊥ ) represents a n-loop, m-real emission contribution for the semi-inclusive sub-process i → q + X at O(α n+m s ),
with d = 4 − 2 the space-time dimension. We have suppressed the renormalization scale µ an rapidity scale ν in the argument for simplicity. The function B
(n,m) q/i (z, K ⊥ ) has simple power and logarithmic dependence on K ⊥ , which can be integrated easily [33, 34] . The function B
(n,m) q/i (z, K ⊥ ) can be calculated as
where e −b0τ P ·K P + is the exponential regulator [26] in the collinear sector [33] . |Sp q←i (P, {l}, {k})| 2 is the spin and color averaged squared splitting amplitudes for i → q+X with n loops (counting at the squared amplitude level) and m real emission. K µ is the total four momentum of X. b 0 = 2e −2γ E is a conventional factor, and V d = 2π d/2 /Γ(d/2) is the volume of d sphere. It is easy to see from Eq. (7) that the dependence on K ⊥ only enters through ln(| K 2 ⊥ |/µ 2 ) or ln(| K 2 ⊥ |/ν 2 ). Note that
. Using reverse unitarity [42] , the delta functions in Eq. (7) can be considered as "cut" propagators. Therefore, B (n,m) q/i (z, K ⊥ ) can be regarded as a (n + m) loop Feynman integral in the algebraic sense, if not for the exponential regulator. The main new idea of this Letter is the introduction of a generalized set of Integration-By-Parts (IBP) equation [43, 44] , which take into account also the exponential regularization factor in Eq. (7) . Specifically, the generalized IBP equations can be written as
where F ({l}) is some Feynman integrand, and {l} = {l 1 , l 2 , . . . , l n , k 1 , k 2 , . . . , k m−1 , K} are the set of integration momentum. Note that we have used the delta function in Eq. (7) to kill one of the integration momentum, k m . We generate the required IBP equations in this way using in-house Mathematica code and LiteRed [45] . The obtained IBP equations and the integrals are exported to Fire [46] , where all the integrals can be reduced to a set of master integrals (MIs). The main task in this Letter is to calculate Eq. (7) at three loops, i.e. m+n = 3. The contribution at this order can be classified by the number of loop and the number of real emission: triple-real (RRR), double-real singlevirtual (VRR), double-virtual single-real (VVR) and the square of real-virtual ((VR) 2 ). For VVR part, we use the results in Ref. [47] , analytically continue them to spacelike case and directly integrate over the single particle phase space. The (VR) 2 part is relatively simple. we use the method presented in Ref. [33] to handle this part. The main challenge of this calculation is the VRR and RRR parts. Representative cut Feynman diagrams are shown in Fig. 1 . We generate the integrand for VRR and RRR in Qgraf [48] , with color/Dirac algebra and integrand manipulation aided by Form [49] , FeynCalc [50] , and Apart [51] . Using the above mentioned new idea, we then pass the integrand and the generalized IBP equations to Fire for integral reduction. After exploring symmetry between different integral families, we find about 900 MIs for VRR and RRR in total. To solve these MIs, we use the method of Differential Equations (DEs) [52] [53] [54] .
Note that up to this stage we have kept the rapidity regulator τ finite. The resulting MIs are functions of z and τ , and DEs in z and τ can be constructed in the standard way. The next step is to take the τ → 0 limit, as in Eq. (7) . We write a MI f i as a double series in τ and ln τ ,
where we found that j ≥ −3 is sufficient for our problem.
In principle we can also have terms like τ in the expansion. However such terms can be discarded, because we can always analytically continue to a region where > 0, and take τ → 0, and then take → 0. We then substitute the double series in Eq. (9) into the system of DEs in τ and z. By equating the τ j ln k τ coefficient in the DEs, we obtain a closed system of DEs in z for f (j,k) i . By considering the double series expansion, the number of MIs are reduced to about 500 in total for VRR and RRR.
The system of DEs in z can now be solved by the standard approach. They are most conveniently solved by converting into the canonical form [54] by proper choice of MIs [55] [56] [57] . For individual VRR or RRR, the alphabet consist of five letters,
The DEs can be solved order-by-order in easily in terms of Goncharov Polylogarithms. Remarkably, after summing the VRR and RRR contributions, and substituting in the boundary constants determined below, the latter two letters drop out from the sum. Therefore, Harmonic Polylogarithms (HPLs) [58] are sufficient to describe the final results. The remaining task is to determine the boundary constants for the DEs. To this end we consider the threshold limit of the MIs, z → 1. Following Ref. [33] , we define the so-called fully-differential beam function [59] ,
The original B is simply obtained by integrating the K − component,
The advantage of having the fully-differential function is that now the threshold limit can be taken at the integrand level. For that purpose, we adopt the strategy of expansion by region [60] . For RRR, z → 1 force the leading region to be K µ → 0. VRR is more complicated. Besides K µ → 0, we also need to consider the scaling in the loop momentum, which can be either soft or collinear [61] . Ultimately, expansion by region relates all the boundary constants to those computed for soft-virtual corrections to Higgs production at N 3 LO. We have performed an independent calculation for these constants, and found agreement with those in the literature [61] [62] [63] [64] [65] .
THE RESULTS
We are ready to combine all the ingredients and present the final results. The bare TMD beam function computed in the last section contains poles in up to 1/ 6 . Using the known renormalization constant and the PDF counter terms (which contain the famous three-loop splitting kernel [66, 67] ), we find that all the poles cancel, and finite matching coefficients can be extracted! This provides a stringent check to our calculation. For the convenience of reader, the relevant renormalization counter terms are collected in the appendix. We refer to Ref. [33, 34] for the detailed renormalization procedure.
The finite matching coefficient obey the renormalization group equation,
where the anomalous dimension can be found in the appendix. It also obeys the rapidity evolution equation [13] ,
The new results of this Letter are the initial conditions (coefficient functions) for these equations,
As mentioned before, the three-loop results can be written solely in terms of HPLs, which we believe is quite remarkable. The full results are too lengthy to fit in a Letter, but can be found in the appendix. We also provide computer readable files for them along with the arXiv submission. The TMD beam function depends on the rapidity regulator being used. Rapidity-regulator-independent TMD PDFs can be simply obtained using [33, 34] 
The TMD soft function S(b ⊥ , µ, ν) is also known to N 3 LO [41] . Therefore, quark TMD PDFs can also be extracted to this order. We provide computer readable file for them in the ancillary files.
It is interesting to consider the asymptotic limit of the coefficient functions. In the threshold limit, we find the non-vanishing component to be
where I (n) ij is the expansion coefficient of (α s /(4π)) n . One can also identify the coefficient with the rapidity anomalous dimension,
where γ R 1(2) are the two(three)-loop rapidity anomalous dimension [41, 68] . This result was conjectured in Ref. [32] , and was understood using joint q T and threshold resummation [69] , see also Ref. [70] . This provides another check to our calculation.
We can also consider the high energy limit z → 0, which is closely related to small-x physics. The leading terms are
There has been recent progress in understanding TMD PDFs at small x [71] [72] [73] [74] . Our explicit results provide useful data through Next-to-Leading Logarithmic accuracy, which can foster further progress. To estimate the size of the three-loop corrections, we plot the ratio of N 3 LO and NNLO coefficient functions for 0 < z < 1 in Fig. 2 ,
It can be seen that the three-loop corrections are nonnegligible and have non-trivial shape dependence. They can be important for achieving percent-level accuracy in Drell-Yan production at small q T .
DISCUSSION
We have calculated for the first time the quark TMD beam function and TMD PDFs at the N 3 LO in QCD.
The key new idea is the generalization of the IBP equations to Feynman integrals with the exponential regulator for rapidity divergence. We hope that the N 3 LO results can improve our understanding about TMD factorization. There are several interesting directions to pursue in the future.
An obvious next thing to calculate is the gluon TMD at N 3 LO. Past experience [34] shows that gluon TMD share the same set of MIs with the quark TMD, which significantly simplify the calculation. It would also be interesting to calculate TMD fragmentation function at N 3 LO. At NNLO the timelike TMD can be obtained from spacelike ones by analytic continuation [32] [33] [34] . However it is known from splitting function calculation that naive analytic continuation must be supplemented with physical constraint from reciprocity consideration [75] , and still small uncertainty remains [76] [77] [78] . It would be interesting to see if a direct calculation of timelike TMD can shed light on this problem. Our results represent the last missing ingredient for generalizing q T subtraction [79] to N 3 LO, see also Refs. [38, 70] . We note that there has also been progress in calculating beam function for beam thrust [80] , where leading color contribution at N 3 LO is available very recently [81] . However, to achieve N 3 LO accuracy based on N-jettiness subtraction [82, 83] , N 3 LO (beam) thrust soft function is still missing [84, 85] . Once fully differential N 3 LO prediction with q T subtraction becomes available, it would also be important to consider the perturbative power corrections, where rapidity logarithms beyond leading power need to be understood better [27, 86] , see also [87, 88] . The new technique introduced in this Letter might also be useful in problems where non-standard Feynman propagator are encountered, such as step function in thrust and hemisphere soft function [84, 85, 89] . Integrals of this form appear frequently in precision jet substructure [90] . Finally, given the success of the exponential regulator in perturbative calculation, it would be interesting to see if it can be applied to TMD on lattice, where rapid progress are being made recently [91] [92] [93] [94] [95] .
In this appendix we collect all the formulas relevant to our discussion. In Sec. 1 we collect the QCD beta functions to three loops. In Sec. 2 we collect all the relevant anomalous dimension. In Sec. 4 we collect the TMD soft function through N 3 LO. In Sec. 5 we give the quark TMD beam function through N 3 LO, which is one of the main results of this Letter.
QCD Beta Function
The QCD beta function is defined as
Anamolous dimension
For all the anomalous dimensions entering the renormalization group equations of various TMD functions, we define the perturbative expansion in α s according to
where the coefficients up to O(α 3 s ) are given by
The cusp anomalous dimension Γ cusp can be found in [66] . The hard anomalous dimensions γ H can be extracted from the three-loop quark form factor [97, 98] , and can also be found in, e.g., Ref. [99] . The soft anomalous dimension γ S are calculated explicitly through N 3 LO in Ref. [64] . The beam anomalous dimension γ B is related to γ S and γ H through the renormalization group invariance condition γ B = γ S − γ H . The rapidity anomalous dimension γ R can be found from [41, 68] . Note that the normalization here differ from those in [41] by a factor of 1/2.
Renormalization Constants
The following constants are needed for the renormalization of zero-bin subtracted [100] TMD beam function through N 3 LO, see e.g. Ref. [33, 34] . The first three-order corrections to Z B and Z S are
(A.5)
Here we have defined L ν = ln(ν 2 /µ 2 ), and L Q = 2 ln(zP + /ν) = 2 ln(Q/ν), where Q is the Drell-Yan lepton pair invariant mass. We also need the PDF counter terms to three loops, which are given by
is the (n + 1)-loop spacelike splitting function [66, 67] . The convolution is defined as
TMD Soft Function
The TMD soft function is calculated through N 3 LO in Ref. [41] . With the exponential regulator [26] , it obeys the Non-Abelian exponentiation theorem [101, 102] ,
The exponent can be written as (we have used that γ R 0 = γ S 0 = 0 to simplify the expression)
Analytical Results for the TMD Beam Function through N 3 LO
This section contains one of the main results in this Letter. The quark TMD beam functions through N 3 LO are given by
where in I
qi we have used γ R 0 = 0 to simplify the expression. The scale independent coefficient functions at NLO are
At NNLO they are given by
For the three-loop coefficient functions we decompose them into different color structures,
Note the sign difference in the coefficient of d ABC d ABC in the first and second line of Eq. (A.12), which is due to the reversal of fermion line in the anomalous triangle diagram. These anomalous terms do not simply add up to zero because the PDFs for q andq are different. Remarkably, we find that all the results at this order can be written in terms of HPLs only. We stress that this is a non-trivial statement, since symbol letter such as 2 − z and z 2 − z + 1 appear in the results for VRR and RRR, but cancel out in the sum. The results for individual color structure are (1 − z) 2H −3 ζ 2 + 4H −2,−1 ζ 2 − 2H −2 ζ 3 + 2H −3,2 − H −2,3 − 2H 3,2 + 8H −3,−1,0 + 2H −2,−2,0 − 2H −2,−1,2 + 2H −2,2,0 + 5H 3,1,0 + 4H −2,−1,−1,0 + 11H −2,−1,0,0 − 8H −2,0,0,0 
− 4ζ 2 H 2,1 + 2H 2,3 + 4H 4,0 − 6H 4,1 − 14ζ 2 H 0,0,0 + 4H 2,1,2 − 2H 2,2,0 + 4H 3,0,0 − 2H 3,1,0 − H 3,1,1 − H 2,0,0,0 + 8H 2,1,0,0 − 2H 2,1,1,0 − 2H 2,1,1,1 + 12H 0,0,0,0,0 
+ 168H −1,−1,−1,2 + 14H −1,−1,2,0 + 32H −1,−1,2,1 + 34H −1,2,0,0 + 56H −1,2,1,0 − 22H 2,0,0,0 + 2H 2,1,0,0 + 40H 2,1,1,0 + 60H −1,−1,−1,0,0 − 38H −1,−1,0,0,0 + 16H −1,0,0,0,0 −12 5z 2 + 3 H 0,0,0,0,0 
+ 32ζ 2 H 0,0,0 − 4H 2,−2,0 + 38H 2,1,2 + 26H 2,2,0 + 12H −2,−1,−1,0 − 155H −1,−2,0,0 + 6H −1,−1,−2,0 + 264H −1,−1,−1,2 + 10H −1,−1,2,0 + 48H −1,−1,2,1 + 76H −1,2,0,0 + 64H −1,2,1,0 − 42H 2,0,0,0 − 12H 2,1,0,0 + 64H 2,1,1,0 + 156H −1,−1,−1,0,0 − 104H −1,−1,0,0,0 + 54H −1,0,0,0,0 +8 3z 2 + 1 (8H −3,−1,0 + 9H 0,0,0,0,0 ) . 
− 16H 1,3,1 + 2H 2,2,1 + 6H 3,1,0 + 8H −2,−1,−1,0 − 16H −2,−1,0,0 + 32H −2,0,0,0 − 24H 1,−2,−1,0 + 64H 1,−2,0,0 − 40H 1,1,−2,0 + 16H 1,1,1,2 − 12H 1,1,2,0 + 8H 1,1,2,1 − 30H 1,2,0,0 + 2H 1,2,1,0 − 32H 1,0,0,0,0 − 28H 1,1,0,0,0 − 16H 1,1,1,0,0 + C A C 2 + 32 3 (28z − 5)H −2,−1,0 + 8 3 (z + 1) (−111H −1 ζ 2 + 44H −1,2 − 134H −1,−1,0 + 143H −1,0,0 ) + 
+ 44H −2,0,0,0 − 20H 1,−2,−1,0 + 92H 1,−2,0,0 − 60H 1,1,−2,0 + 8H 1,1,1,2 − 36H 1,1,2,0 + 4H 1,1,2,1 − 67H 1,2,0,0 − 21H 1,2,1,0 − 50H 1,0,0,0,0 − 44H 1,1,1,0,0 . (A.16) 
− 20H −1,−2,−1,0 + 30H −1,−2,0,0 − 16H −1,−1,−2,0 − 22H −1,2,0,0 + 12H −1,2,1,0 + 16H −1,−1,−1,−1,0 − 24H −1,−1,−1,0,0 + 6H −1,−1,0,0,0 − 5H −1,0,0,0,0 −16 24z 2 + 4z + 3 H 0,0,0,0,0 − 16 2z 2 − 2z + 1 − 25H 1 ζ 4 − 39ζ 3 H 1,0 − 39ζ 3 H 1,1 − 2ζ 2 H 1,2 + 12H 1,4 − 10H 1,−3,0 − 12ζ 2 H 1,0,0 − 8ζ 2 H 1,1,0 + 3ζ 2 H 1,1,1 + 2H 1,1,3 − 6H 1,2,2 − 2H 1,3,0 − 3H 1,3,1 + 4H 1,−2,0,0 − 4H 1,1,−2,0 − H 1,1,1,2 − 17H 1,1,2,0 − 7H 1,1,2,1 − 5H 1,2,0,0 − 13H 1,2,1,0 − 14H 1,2,1,1 + 7H 1,0,0,0,0 + 20H 1,1,0,0,0 − 3H 1,1,1,0,0 + H 1,1,1,1,0 − 15H 1,1,1,1,1 − 18ζ 2 H −1,−1,−1 + 18ζ 2 H −1,−1,0 − 11H −1,−1,3 + 10H −1,2,2 − 10H −1,3,1 + 8H −1,−2,−1,0 − 16H −1,−2,0,0
